As an application, some characterizations of the optimal witnesses are given and some structure properties of the decomposable optimal witnesses are presented.
said to be separable if it is a trace-norm limit of the states of the form ρ = i p i ρ (1) i ⊗ ρ (2) i , where ρ (1) i and ρ (2) i are pure states in S (1) and S (2) , respectively,
ρ is said to be entangled (or inseparable). The set of all separable states will be denoted by S sep (H 1 ⊗ H 2 ).
Among the multitudinous criteria for deciding whether a given state is entangled or not, the well known one is the entanglement witness criterion [8] . This criterion provides a sufficient and necessary condition for separability of a given state in a bipartite quantum system. It is shown that [8] , a given state is separable if and only if there exists at least one entanglement witness detecting it. A self-adjoint operator (also called hermitian operator some times) W acting on H 1 ⊗ H 2 is called an entanglement witness (or witness for short) if Tr(Wσ) ≥ 0 for all separable sates σ ∈ S sep and Tr(Wρ) < 0 for at least one entangled state ρ (in this case, we say that ρ is detected by W, or, equivalently, W is a witness for ρ).
Although any entangled state can be detected by some specific choice of witness, there is no universal witness, i.e., there is no witness which can detect all entangled states. From the entanglement witness criterion, the task is reduced to find out all witnesses. However, constructing the witnesses for an entangled state is a hard task, and the determination of witnesses for all entangled states is a NP-hard problem [1] .
Witnesses not only can be used to detect any entangled states, but also are directly measurable quantities. This makes the entanglement witnesses one of the main methods to detect entanglement experimentally and a very useful tool for analyzing entanglement in experiment. So, it is important to know more about the features of the witnesses. Concerning this topic, much work has been done for finite-dimensional systems (for example, ref. [16, 21] ).
However, few results are known for infinite-dimensional systems. Generally, the structure of witnesses for infinite-dimensional systems are complicated. However, it was proved in [12] that, for any entangled state, a witness can be chosen so that it has a simple form of "nonnegative constant times identity + a self-adjoint operator of finite rank". This kind of witnesses are Fradholm operator of index 0 with the spectrum consisting of finite many eigenvalues and hence are easily handled. The goal of the present paper is to solve the question when deferent witnesses can detect some entangled states simultaneously for mainly infinite-dimensional systems.
For simplicity, we introduce some notations. Let H 1 , H 2 be complex Hilbert spaces and let W = W(H 1 ⊗ H 2 ) be the set of all entanglement witnesses of the system H 1 ⊗ H 2 , i.e.,
Tr(Wσ) ≥ 0 for all σ ∈ S sep and W is not positive}.
For W ∈ W and Γ ⊂ W, define 
Thus W 1 and W 2 can detect a state simultaneously if and only if (i) or (ii) holds.
For the finite-dimensional case, the relations (i)-(iii) above are studied in [16, 21] [21] . However, there are some mistakes in the proof of [21] . The main purpose of the present paper is to show that the similar results holds for infinite-dimensional systems and to correct the mistakes appeared in [21] . Note that, the condition To prove Theorem 2.1, we need several lemmas.
We first generalize a useful result in [16] to infinite-dimensional case, which asserts that the restriction of any entanglement witness as a linear functional to the convex set consisting of separable states is nonzero. Proof. Let {|i } and {| j } be any orthonormal bases of H 1 and H 2 , respectively. Then, {|i | j } is an orthonormal basis of
To prove the lemma, it is suffice to show that there exist orthonormal bases {|i } and {| j } such that Tr(W|i i| ⊗ | j j|) 0 for some i, j. To get a contradiction, assume that this is not true. Then
are orthonormal sets respectively in H 1 , H 2 , here n is called the Schmidt number of |ψ . Then,
This indicates that, if n < ∞, then ψ|W|ψ = 0. As the set of all unit vectors with the finite Schmidt number is dense in the set of all unit vectors in H 1 ⊗ H 2 , we see that ψ|W|ψ = 0 holds for all unit vector |ψ and hence W = 0, a contradiction.
Analogues to the finite-dimensional case [16] , the following lemma is obvious.
Lemma 2.3. Let H 1 , H 2 be complex Hilbert spaces. For a given W ∈ W(H
The next lemma is crucial for our purpose. Its statement as well as its proof are quite different from the counterpart lemma in [16] for finite-dimensional case. 
Then the following statements are true:
Proof.
(1) Let us assume, to reach a contradiction, that Tr(W 2 ρ) > 0. Then, for any
On the other hand, there exists a positive number a 0 such that Tr(W 2 ρ(a)) > 0 holds for all a ≥ a 0 , which is impossible since it leads to ρ(a) D W 2 .
(2) Assume that, on the contrary, λ = 0. Then, there exists a sequence 
with ρ n satisfying Eq.(2.1). Then Tr(W 1ρn ) = 0 and by (1), we have Tr(W 2ρn ) ≤ 0 for every
and ε n → 0, which implies that for sufficient large n, we have ε n − 
holds for all ρ ∈ S, where λ = inf 
Optimization of entanglement witnesses
In this section we discuss the optimization of entanglement witnesses, especially for infinitedimensional systems by applying Theorem 2.1.
The following result states that a witness is optimal if and only if any negative permutation if it will break the witness. For finite-dimensional case, a similar result was obtained in [16] . To prove the 'only if' part, assume that W is optimal but there exist nonzero operator In the following, we discuss the condition for an entanglement witness that it cannot subtract some positive operators. For convenience, we define for any a > 0.
Proof. If DP W {0}, then there exists a product vector |ψ 0 |φ 0 ∈ P W such that
The following corollary is obvious. Next we give some structure properties of optimal decomposable witnesses. Recall that a self-adjoint operator A ∈ B(H 1 ⊗ H 2 ) is said to be decomposable if |i |i (ref. [20] 
where t = T 2 . Thus, A ≤ √ tQ, which implies Q − λA ≥ 0 whenever 0 < λ < 
Proof. By Theorem 3.4, we know that
For low dimensional systems, the optimal witnesses are easily constructed. For example, the optimal witnesses for two qubits (i.e., the 2 × 2 system) are of the form
where |ψ is an entangled state vector [13] . In fact, an optimal witness detecting the state ρ can be constructed from the eigenvector |ψ of ρ T 2 with negative eigenvalue λ as W = |ψ ψ|
since Tr(|ψ ψ| T 2 ρ) = Tr(|ψ ψ|ρ T 2 ) = λ < 0 [13] . This method can be generalized to infinitedimensional case but the resulting witness may be not an optimal one.
Witnesses without the finer relation between them
Now we turn back to the question when different entanglement witnesses without "finer" relation between them can detect some entangled states simultaneously. This question was studied in [21] 
a positive operator for all 0 ≤ λ ≤ 1. We point out, though the result is true, the proof of [21] is not correct.
Our attention is main focus on the infinite-dimensional cases. We generalize the above result without the assumption "Tr(W 1 ) = Tr(W 2 )" and provide a proof that valid for both finite-dimensional systems and infinite-dimensional systems.
The following two lemmas are obvious. 
The following is our key lemma which is obtained for finite-dimensional cases in [21] with a different and longer proof.
Proof. Assume, on the contrary, that both
Thus we get
that is, [ρ 1 , ρ 2 ] is divided into two convex parts. It follows that there is 0 < t 0 < 1 such that 
Proof of Theorem 4.4. If
and for all ρ ∈ D W(λ 0 ) , we have
Noticing that Tr(W 1 ρ)) ≥ 0 and Tr(W 2 ρ)) < 0, the second part of the last inequality is positive, and ε is an arbitrarily small positive number, hence the last inequality is impossible. 
Noticing that Tr(W 2 ρ)) ≥ 0 and Tr(W 1 ρ)) < 0, the second part of the last inequality is positive, and ε is an arbitrarily small positive number, hence the last inequality is impossible (We remark that there is a mistake similar to that pointed above in the proof of [21, Theorem 4] right here, too.)
To sum up the discussion above, no matter Assume that the theorem holds for k ≤ n − 1. By induction, we have to show that the theorem holds for n. Since the method is the same, we only need to show the case n = 3. By assumption, we have Before the end, we would like to stress that our results holds for both infinite-dimensional and finite-dimensional cases. Though some of them are known for finite-dimensional systems under the additional assumption Tr(W 1 ) = Tr(W 2 ), the proof of our results are quite different.
